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OIOPHANTINE ANALYSIS. 



82. Proposed by JOSIAH H. DRUMMOND, LL. D.. Portland, Me. 

In the series l 3 +3 3 +5 3 .... find n so that the nth term and the sum of 
w terms shall both be squares. 

Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 

The conditions of the problem require I s 4-3 3 + 5 3 + . . . . +(2n— l) 3 
=n 2 (2n 2 — 1)=D, and (2»-l) 3 =rj. 

Whence it follows that 2n— 1=0 , and 2n 8 — l=o . 

2n-l=D, when n=r 2 +(r-l) 8 , as 1, 5, 13, 25, 41, etc. 

Hence 2n 8 -l=2[r 8 +(r-l) 2 ] 2 -l=D. 

Whence 2[r s + (r— 1) 2 ] 8 =D +1, two times a square equals the sum of 
two squares, the general formula for which is 2(p s + g 8 ) 2 =[(p+'/) 8 — 2g 8 ] 8 
+ [(p-</) 2 -2 9 T. 

Thenp 2 + g 2 =r 8 +(r-l) 2 ....(l), and (p-q) 2 -2q* = ±l. . . .(2). 

From (1), put p—r and <ji=(r— 1); and substituting in (2) we obtain 
l-2(r-l) 2 = ±l, or2(r-l) 2 =0or2. 

Whence r— 1=0 or ±1, and r=l or 2 or 0. 

Substituting these values of r in w=r 2 +0— l) 2 , we find «=1 and 5, ap- 
parently the only integral values. 

When n=l, 2«-l = l, n 2 (2» 2 -l)=l, and (2«-l) s = l. 

When «=5, 2w-l=9=3 2 , n 2 (2w 2 - l)=l 3 +3 :i +5 3 +7 3 +9 3 =35 2 , and 
(2n-l) 3 =(3 2 ) 3 =(3 3 ) 2 = 27 2 . 

Also solved by G. B. M. ZERR, J. SCHEFFER, COOPER D. 8CHMITT, and the PROPOSER. 



AVERAGE AND PROBABILITY. 



88. Proposed by 0. B. M. ZESR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa. 

Find the average volume of the tetrahedron formed by joining four random points 
in a sphere. 

Solution by the PROPOSER. 

Let GK be the diameter of the section of the 
sphere made by a plane through the three random 
points A, B, C ; HL the diameter of a parallel section 
through the fourth random point D; M, N the centers 
of these sections, respectively ; the center of the 
sphere ; OP a line such that AB is always parallel to 
the plane MOP. 

Let OG=OH=r, MA=x, AB=y, AC=z, DN 
=m, lGOM=0, iBAM^y, lCAM=4', iHON 
=/4, / MOP=l, and the angle the plane POM makes 
with a fixed plane through OP—f>. 
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An element of the sphere at A is rainOdfftnxdx ; at B, y* dydqtcU- ; at C, 
8in(<p-|-tf')8inte 2 dzd</'d/> ; at D, rsinpdffinudu. 

The limits of are and n; of p, and 0; of a;, and rsin0=a:' and trip- 
led ; of u, and rsin/?=u' and sextupled ; of <p, — in and -f i* ; of 4', —<P and 
|tt ; of \, and n ; of />, and tt ; of y, and 2xcos<p=y'; of z, and 2a;cos^=2'. 

The area of the triangle ABC=hyzs\v\(<p-\-4')- 

Altitude of tetrahedron=r( cos/3— cosfl). 

Volume of tetrahedron=in/zsin(<p-f v'')(cos/S— cos#). 

Since the whole number of ways four points can be taken is (f t 3 ) 4 , the 
required average triangle is 

* =t»w r r r r ff /" r r «■»-«'**> 

X(cos/S— cos^rsin^^^jcflxrsin/Sd^TMdMsinC^+^jd^d^sin^d^d/Ji/'dyz 2 ^ 

=-fS-9-r r r r r r* err sin^sin/susm^-wocosv 

X sinA(cos/3— aosft)df)dfidxdudq>dfdldpy % dy 

= ^-f" f f f flSlJl f. •«n*in/»(cot/»-co.#)«»«in- 

X (q>-\-<! f )co&* <peos*4 , s\nldOd/3dxdud(pd<f'dAdp 



x — — I j I ( I I sin0sin/S(cos/8— cos0):<: 9 usin 2 (<p+v'') 
Znr v J o ♦'o "^ o "^ o ^ — j** 7 — * 

X cos 4 <pco&*4'd0dfidxdudq>d4> 
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/* /*• /**' /*»' /*i» 
I I I I sin#sin/ff(cos/5— cos#)a: 9 u(15;rcos 4 <p 
o^o^o* 7 *)* 7 — 1» 



647rr' 

— I2^cos 6 ^i-30<pco8 4 ^— 249cos*<p— 4sin^cos 7 <p4 30sin<peos 5 9>)d6W/3dz<fucf<p 

1215* /•* f* 



■ I I I j sin0sin/J(cos/9— coatt)x 9 udOdpdxdu 

V( ^ ~ " 
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~^r-.\ I sin0sin 3 /9(cos/5-cos0)a:9d0rf/?da: 

512 rv o ^ o ^ o 

2437rr 8 /*» /*• 

-I j sin'^sinVCcos/S-cos^dW/? 
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= ioSX" ain ' t(> ^- 4sintf> - aiaiH - 8coaH ) de -- mm * 
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